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￿￿G ￿e￿b￿DH￿2￿bf￿ 6@ G ￿e￿b￿DH￿2f￿2Devwudfw1 Zh frqvlghu wkh iroorzlqj doorfdwlrq sureohp= D ￿{hg qxpehu
ri sxeolf idflolwlhv pxvw eh orfdwhg rq d olqh1 Vrflhw| lv frpsrvhg ri Q djhqwv/
zkr pxvw eh doorfdwhg wr rqh dqg rqo| rqh ri wkhvh idflolwlhv1 Djhqwv kdyh vlqjoh
shdnhg suhihuhqfhv ryhu wkh srvvleoh orfdwlrq ri wkh idflolwlhv wkh| duh dvvljqhg wr/
dqg gr qrw fduh derxw wkh orfdwlrq ri wkh uhvw ri idflolwlhv1 Wkhuh lv qr frqjhvwlrq1
Lq wklv frqwh{w/ zh revhuyh wkdw li d sxeolf ghflvlrq lv d Frqgrufhw zlqqhu/ wkhq
lw vdwlv￿hv qlfh surshuwlhv ri lqwhuqdo dqg h{whuqdo vwdelolw|1 Wkrxjk lq pdq|
frqwh{wv dqg iru vrph suhihuhqfh sur￿ohv wkhuh pd| eh qr Frqgrufhw zlqqhuv/ zh
vwxg| wkh h{whqw wr zklfk vwdelolw| fdq eh pdgh frpsdwleoh zlwk wkh uhtxluhphqw
ri fkrrvlqj Frqgrufhw zlqqhuv zkhqhyhu wkh| h{lvw1




Joredo froohfwlyh fkrlfhv fdq riwhq eh ghvfulehg dv wkh xqlrq ri sduwldo ghflvlrqv/
hdfk ri zklfk d￿hfwv gl￿huhqw jurxsv ri flwl}hqv wr d gl￿huhqw ghjuhh1 Wdnh wkh
exgjhw ri d jryhuqphqw1 Vrph ri lwv lwhpv +olnh wkh vdodulhv ri sxeolf vhuydqwv/ li L
dp rqh, pd| eh yhu| lpsruwdqw wr ph/ zkloh L pd| eh txlwh lqgl￿huhqw uhjduglqj
rwkhuv +olnh/ vd|/ krz pxfk ri wkh djulfxowxudo vxevlglhv jr wr rolyh surgxfhuv/
dqg krz pxfk jrhv wr zkhdw iduphuv,1 Exw ri frxuvh/ rwkhu flwl}hqv pd| ihho
lqwhqvho| derxw zkdw L gr qrw fduh/ dqg olwwoh derxw p| pdmru frqfhuqv1
Lq wklv sdshu zh h{soruh wkh frqqhfwlrqv ehwzhhq wkh fkrlfhv ryhu frpsoh{
ghflvlrqv/ dqg wkh sduwlwlrqv ri flwl}hqv lqwr gl￿huhqw lqwhuhvw jurxsv wkdw uhvxow
iurp wkhlu dssudlvdo ri wkhvh ghflvlrqv/ edvhg rq wkhlu sduwlfxodu frqfhuqv1
Zh frqvlghu d sduwlfxodu w|sh ri doorfdwlrq sureohpv zlwklq wklv fodvv1 D ￿{hg
qxpehu ri sxeolf idflolwlhv pxvw eh orfdwhg rq d olqh1 Vrflhw| lv frpsrvhg ri Q
djhqwv/ zkr pxvw eh doorfdwhg wr rqh dqg rqo| rqh ri wkhvh idflolwlhv1 Djhqwv
kdyh vlqjoh shdnhg suhihuhqfhv ryhu wkh srvvleoh orfdwlrq ri wkh idflolwlhv wkh| duh
dvvljqhg wr/ dqg gr qrw fduh derxw wkh orfdwlrq ri wkh uhvw ri idflolwlhv1 Wkhuh
lv qr frqjhvwlrq= wkh orfdwlrq ri wkhlu idflolw| lv wkh rqo| frqfhuq ri djhqwv/ qrw
wkh vhw ri rwkhu djhqwv zlwk zkrp wkh| vkduh lw1 Lq wklv sduwlfxodu frqwh{w/
zh vkdoo revhuyh wkdw li d sxeolf ghflvlrq lv d Frqgrufhw zlqqhu +wkdw lv/ li lw
zrxog fduu| wkh vxssruw ri d pdmrulw| ryhu dq| rwkhu srvvleoh ghflvlrq,/w k h q
lw zloo kdyh yhu| qlfh vwdelolw| surshuwlhv1 Vshfl￿fdoo|/ wkhvh doorfdwlrqv zloo eh
lqwhuqdoo| vwdeoh +wkh orfdwlrq ri hdfk idflolw| zloo eh idyruhg ryhu dq| dowhuqdwlyh
orfdwlrq e| d pdmrulw| ri lwv xvhuv,/ dqg dovr h{whuqdoo| vwdeoh +qr xvhu ri d idflolw|
zrxog suhihu wr fkdqjh wr dqrwkhu,￿1 Khqfh/ li Vrfldo Fkrlfh fruuhvsrqghqfhv
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6frxog dozd|v vhohfw Frqgrufhw zlqqhuv/ wkhlu fkrlfhv zrxog dozd|v vkduh doo wkhvh
vwdelolw| surshuwlhv1 Lw lv zhoo nqrzq/ krzhyhu/ wkdw lq pdq| frqwh{wv dqg iru
vrph suhihuhqfh sur￿ohv Frqgrufhw zlqqhuv pd| idlo wr h{lvw1 Zkdw zh gr lv
wr irupxodwh d olvw ri ghvludeoh surshuwlhv iru doorfdwlrqv dqg iru vrfldo fkrlfh
fruuhvsrqghqfhv/ vhh zkhwkhu rqh fdq ghvljq uxohv wkdw dozd|v vdwlvi| vrph ri
wkhp/ dqg lq dgglwlrq/ fkrrvh Frqgrufhw zlqqhuv zkhqhyhu wkh| h{lvw1
Rxu dvvxpswlrq wkdw djhqwv rqo| fduh derxw wkh idflolw| wkh| dfwxdoo| xvh/
dssurdfkhv rxu prgho wr d fodvv ri frdolwlrq irupdwlrq jdphv/ fdoohg khgrqlf
jdphv/ zklfk kdyh uhfhlyhg wkh dwwhqwlrq ri gl￿huhqw dxwkruv +Edqhumhh/ Nrqlvkl
dqg Vrqph} +4<<;, dqg Erjrproqdld dqg Mdfnvrq +4<<;, dprqj rwkhuv,1L q
khgrqlf jdphv/ lqglylgxdov kdyh suhihuhqfhv ryhu wkh frdolwlrqv wkdw wkh| fdq eh
sduw ri/ suhvxpdeo| ehfdxvh wkh| jhw vrph ehqh￿w iurp wkhlu dvvrfldwlrq zlwk
wkh uhvw ri djhqwv lq wkh frdolwlrq1 Lq rxu fdvh/ djhqwv phhw ehfdxvh wkh| vkduh
d idflolw|/ dqg lq rxu lqwhusuhwdwlrq wkh| gudz qr gluhfw dgydqwdjh iurp ehlqj
wrjhwkhu1 Exw vkdulqj wkh idflolw| lv wdqwdprxqw wr wkh zlvk ri ehlqj wrjhwkhu/
dqg lq wklv uhvshfw wkh wzr w|shv ri prghov duh txlwh vlplodu1
D uhfhqw sdshu e| Plofkwdlfk dqg Zlqwhu +5335, lv forvho| uhodwhg wr rxuv lq
vhyhudo zd|v1 Lw zloo eh xvhixo wr frpphqw rq wkh dqdorjlhv dqg rq wkh gl￿huhqfhv
ehwzhhq wkh wzr sdshuv/ dqg wklv zloo dovr doorzv xv wr frpsohwh rxu suhylrxv
frpphqwv uhjduglqj khgrqlf jdphv1 P)Z dqdo|}h wkh vwdelolw| ri frdolwlrqv lq
d prgho ri jurxs irupdwlrq zkhuh djhqwv duh gulyhq e| wkhlu dwwudfwlrq wr shrsoh
zkr duh vlplodu wr wkhp1 Wkh| suryh wkh h{lvwhqfh ri vwdeoh sduwlwlrqv lq d rqh0
glphqvlrqdo prgho zkhuh wkh wrwdo qxpehu ri jurxsv wr eh iruphg lv erxqghg
deryh/ dqg djhqwv vwulyh wr plqlpl}h hlwkhu wkh dyhudjh glvwdqfh dprqj jurxs
phpehuv ru wkhlu glvwdqfh wr wkh dyhudjh phpehu1
Lq rxu prgho/ jurxs irupdwlrq lv lqgxfhg e| wkh frpprq xvh ri d idflolw|/
7udwkhu wkdq e| dq lqkhuhqw ghvluh wr ehfrph dvvrfldwhg zlwk vlplodu shrsoh1 \hw/
zkhqhyhu djhqwv duh iuhh wr fkrrvh wkhlu suhihuuhg idflolw|/ wklv lqgluhfwo| uhvxowv
lq wkhlu dvvrfldwlrq zlwk lqglylgxdov ri vlplodu wdvwhv1 Khqfh/ rxu prgho lv forvh
wr wkdw ri P)Z/ dqg pruh lq jhqhudo/ wr wkh olwhudwxuh rq khgrqlf jdphv1 Lq
idfw/ P)Z wdnh d vwhs wrzdug rxu irupxodwlrq/ zkhq wkh| vxjjhvw wkdw d jrrg
lqwhusuhwdwlrq ri wkhlu prgho frphv iurp dvvxplqj wkdw djhqwv fkrrvh rqh orfd0
wlrq1 Lqghhg/ wklv lv zkdw rxu djhqwv gr/ rqfh wkh idflolwlhv duh orfdwhg1 Zh dgg
vrph pruh ulfkqhvv wr wkh dqdo|vlv e| h{solflwo| doorzlqj djhqwv wr sod| d uroh
lq ghwhuplqlqj wkh orfdwlrq ri wkh idflolwlhv dprqj zklfk wkh| pd| wkhq fkrrvh
iurp1
Erwk rxu sdshu dqg P)Z*v ghsduw iurp wkh olwhudwxuh rq khgrqlf jdphv e|
dvvxplqj vrph xsshu erxqg lq wkh qxpehu ri frdolwlrqv wkdw fdq irup1 Wklv
erxqg lv jlyhq/ lq rxu fdvh/ e| wkh srvvleoh qxpehu ri idflolwlhv1
Wkh lqwurgxfwlrq ri idflolwlhv dv h{solflw remhfwv ri dqdo|vlv doorzv xv wr wdnh d
vljql￿fdqwo| glvwdqfh zlwk uhvshfw wr P)Z*v wuhdwphqw ri suhihuhqfhv ryhu vhwv
ri djhqwv1 Lq wkhlu sdshu/ wkh dyhudjh djhqw sod|v wkh uroh ri uhsuhvhqwdwlyh iru wkh
jurxs +wkhuh duh rwkhu fdvhv frqvlghuhg/ exw zh uhwdlq wklv rqh iru frpsdulvrq,/
exw wklv dvvxpswlrq lv udwkhu dg1krf1 Lq rxu sdshu/ wkh phgldq yrwhu hphujhv
dv wkh vljql￿fdqw phpehu ri wkh jurxs/ vlqfh zh h{solflwo| prgho d uhdvrq wr eh
sduw ri lw= qdpho|/ wr lq￿xhqfh wkh doorfdwlrq ri wkh vkduhg idflolw| e| phdqv ri d
pdmrulw| yrwh dprqj wkrvh zkr duh frqfhuqhg1
Lq vslwh ri wkhvh gl￿huhqfhv/ wkhlu h{lvwhqfh surri xvhv vlplodu whfkqltxhv wr wkh
rqhv zh xvhg wr suryh rxu wzr h{lvwhqfh uhvxowv1 Iru doo wkhvh uh}rqhv/ zh frqvlghu
wkdw wkh wzr sdshuv duh qlfho| frpsohphqwdu|1 Qrwlfh/ krzhyhu/ wkdw vlqfh zh duh
frqvlghulqj fruuhvsrqghqfhv/ udwkhu wkdq ixqfwlrqv/ rxu dqdo|vlv surylghv idplolhv
ri sduwlwlrqv/ udwkhu wkdq d vlqjoh rqh1 Rxu suhylrxv dvvhuwlrqv dsso| wr dq| ri
8wkh sduwlwlrqv lq wkh idplo|1
Wkh uhvw ri wkh sdshu lv rujdql}hg dv iroorzv1 Lq Vhfwlrq 5/ zh suhvhqw rxu
prgho lq ghwdlo1 Lq Vhfwlrq 6 zh glvfxvv wkh surshuwlhv wkdw Frqgrufhw zlqqhuv
kdyh zkhqhyhu wkh| h{lvw1 Vhfwlrq 7 vwxglhv wkh frpsdwlelolw| ehwzhhq lqwhuqdo
dqg h{whuqdo vwdelolw|1 Ilqdoo|/ lq Vhfwlrq 8 zh suhvhqw d uxoh wkdw vdwlv￿hv wkh
vwdelolw| surshuwlhv dqg dozd|v fkrrvhv Frqgrufhw zlqqhuv zkhq wkh| h{lvw1
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Wkh prgho zh suhvhqw lv hvvhqwldoo| wkh rqh frqvlghuhg lq Eduehu￿ d dqg Ehyl￿ d
+5334,1 Wkh pdmru gl￿huhqfh lv wkdw khuh zh prgho vrfldo ghflvlrq uxohv dv fruuh0
vsrqghqfhv/ zkloh lq wkh suhylrxv sdshu zh frqvlghuhg wkh fdvh ri ixqfwlrqv1
Zh frqvlghu sureohpv wkdw lqyroyh dq| ￿qlwh vhw ri djhqwv1 Djhqwv duh lghqwl0
￿hg zlwk hohphqwv lq Q> wkh vhw ri qdwxudo qxpehuv1 Ohw 8 eh wkh fodvv ri doo ￿qlwh
vxevhwv ri Q1 Hohphqwv ri 8" ghqrwhg dv V>V￿>===> vwdqg iru sduwlfxodu vrflhwlhv/
zkrvh fduglqdolw| lv ghqrwhg e| mVm> mV￿m> hwf1
Zh qrz ghvfuleh wkh ghflvlrqv wkdw vrflhwlhv fdq idfh1 Wkhvh duh ghwhuplqhg
e| wkh qxpehu dqg wkh srvlwlrq ri uhohydqw orfdwlrqv/ dqg e| wkh vhwv ri djhqwv
zkr duh doorfdwhg wr hdfk orfdwlrq1
D qdwxudo qxpehu n 5 Q zloo vwdqg iru wkh qxpehu ri orfdwlrqv1 Wkhq/ jlyhq
V 5 8 dqg n 5 Q> dq V@n￿ghflvlrq lv d n￿wxsoh ri sdluv g @ +{￿>V ￿,&
￿’￿> zkhuh
{￿ 5 U> dqg +V￿>==>V&, lv d sduwlwlrq ri V= Zh lqwhusuhw hdfk {￿ dv d orfdwlrq
dqg V￿ dv wkh vhw ri djhqwv zkr lv dvvljqhg wr wkh orfdwlrq {￿￿ Qrwlfh wkdw vrph
hohphqwv lq wkh sduwlwlrq pd| eh hpsw|1 Wklv zloo eh wkh fdvh/ qhfhvvdulo|/ li
nAmVm= Zh fdoo gu @ +{￿>==>{&, wkh yhfwru ri orfdwlrqv/d q gg￿ @ +V￿>==>V&, wkh
yhfwru ri dvvljqphqwv1
9Ohw G+V>n, eh wkh vhw ri V@n￿ghflvlrqv/ G+n,@
V
7M8 G+V>n, wkh vhw ri
n￿ghflvlrqv/ dqg G @
V
&MQ
G+n, wkh vhw ri ghflvlrqv= Iru hdfk djhqw m 5 Q> wkh
vhw ri n￿ghflvlrqv zklfk frqfhuq m lv G￿+n,@
V
t7M8￿￿M7￿ G+V>n, dqg wkh vhw ri




Djhqwv duh dvvxphg wr kdyh frpsohwh/ uh￿h{lyh/ wudqvlwlyh suhihuhqfhv ryhu
ghflvlrqv zklfk frqfhuq wkhp1 Wkdw lv/ djhqw l￿v suhihuhqfhv duh gh￿qhg rq G￿>
dqg wkxv/ udqn dq| sdlu ri V@n dqg V￿@n￿￿ghflvlrqv surylghg wkdw l 5 V _ V￿=
Ghqrwh e| ?￿ wkh suhihuhqfhv ri djhqw l rq G￿=
Zh vkdoo dvvxph doo dorqj wkdw suhihuhqfhv duh vlqjohwrq0edvhg1 Lqirupdoo|/
wklv phdqv wkdw djhqwv* udqnlqjv ri ghflvlrqv rqo| ghshqg rq wkh orfdwlrq wkh|
duh dvvljqhg wr/ qrw rq wkh uhvw ri orfdwlrqv ru rq wkh dvvljqphqw ri rwkhu djhqwv
wr orfdwlrqv1 Wklv dvvxpswlrq lv frpsdwleoh zlwk rxu lqwhusuhwdwlrq wkdw djhqwv
fdq rqo| xvh wkh jrrg surylghg dw rqh orfdwlrq/ dqg wkdw wklv lv d sxeolf jrrg
vxemhfw wr qr frqjhvwlrq1 Irupdoo|/ d suhihuhqfh ?￿ rq G￿ lv vlqjohwrq0edvhg li
wkhuh lv d suhihuhqfh ￿ ?￿ rq U vxfk wkdw iru doo g> g￿ 5 G￿>g?￿ g￿ li dqg rqo| li
{+l>g,￿ ?￿{+l>g￿,> zkhuh {+l>g, ghqrwhv wkh orfdwlrq wr zklfk djhqw l lv dvvljqhg
xqghu wkh ghflvlrq g=
Lq doo wkdw iroorzv/ zh vkdoo dvvxph wkdw iru doo l 5 Q> ?￿ lv vlqjohwrq0edvhg/
dqg lq dgglwlrq/ wkdw wkh rughu ￿ ?￿ lv vlqjoh0shdnhg1 Wkdw lv= iru hdfk ￿ ?￿> wkhuh
lv dq dowhuqdwlyh s+l, zklfk lv wkh xqltxh ehvw hohphqw iru ￿ ?￿> pruhryhu/ iru doo
{>|> li s+l, ￿ {A| >wkhq { ￿ "￿|> dqg li |A{￿ s+l,> wkhq { ￿ "￿|= Xqghu
wkh dvvxpswlrq wkdw ?￿lv vlqjohwrq0edvhg/ wkhuh lv d rqh wr rqh uhodwlrq ehwzhhq
suhihuhqfhv rq ghflvlrqv/ ?￿> dqg suhihuhqfhv rq orfdwlrqv/ ￿ ?￿= Wkxv/ iurp qrz rq
zh zloo qrw pdnh dq| glvwlqfwlrq ehwzhhq wkh wzr1
Jlyhq V 5 8/ suhihuhqfh sur￿ohv iru V duh mVm0wxsohv ri suhihuhqfhv/ dqg zh
ghqrwh wkhp e| S7>S￿
7>===
:Zh ghqrwh e| S wkh vhw ri doo suhihuhqfhv ghvfulehg deryh/ dqg e| S7 wkh vhw
ri suhihuhqfh sur￿ohv iru V vdwlvi|lqj wkrvh uhtxluhphqwv1
D froohfwlyh fkrlfh fruuhvsrqghqfh zloo vhohfw d vhw ri n￿ghflvlrqv/ iru hdfk
jlyhq n/ rq wkh edvlv ri wkh suhihuhqfhv ri djhqwv lq frdolwlrq V> iru dq| frdolwlrq
V ￿ Q= Irupdoo|/
Gh￿qlwlrq 41 D froohfwlyh fkrlfh fruuhvsrqghqfh lv d fruuhvsrqghqfh
* =
V
7M8 S7 ￿ Q $ G vxfk wkdw/ iru doo V 5 8>S 7 5S 7 dqg n 5 Q/ *+S7>n, ￿
G+V>n,=
Zh uhskudvh zlwklq rxu prgho wkh fodvvlfdo qrwlrq ri d Frqgrufhw zlqqhu1
Gh￿qlwlrq 51 Dq V@n￿ghflvlrq g 5 G+V>n, lv d Frqgrufhw zlqqhu iru S7 dqg n
li
￿ ￿il 5 V m g "￿ g￿j
￿ ￿ ￿
￿ ￿il 5 V m g￿ "￿ gj
￿ ￿ iru doo g￿ 5 G+V>n,
Jlyhq V 5 8>S 7 5S 7 dqg n 5 Q/o h wFZ+S7>n, eh wkh vhw ri V@n￿ghflvlrqv
wkdw duh Frqgrufhw zlqqhuv iru S7 dqg n=
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Lq rxu prgho/ Frqgrufhw zlqqhuv kdyh qlfh surshuwlhv zkhqhyhu wkh| h{lvw1 Ohw
xv looxvwudwh wkh fodvv ri surshuwlhv wkdw ghflvlrqv dqg uxohv fdq eh h{shfwhg wr
vdwlvi| e| frqvlghulqj dq h{dpsoh1
H{dpsoh 41 D vrflhw| zlwk 49 djhqwv pxvw orfdwh wzr idflolwlhv dqg dvvljq hdfk
ri wkh djhqwv wr rqh ri wkh wzr1 Djhqwv kdyh Hxfolghdq suhihuhqfhv rq wkh olqh2/
zlwk shdnv dv iroorzv= Iru l 5i 4>5j>s +l, @ l> s+6, @7 =8>s +7, @8 >s +8, @9 >
2,￿U*￿_i@? Thiuihi?Uit ￿@￿i |￿i￿h Mit| i*i4i?| @| tL4i TL￿?| |c @?_ U@? Mi hiThiti?|i_ M)
|￿i ￿|￿*￿|) u￿?U|￿L? ￿E%￿ ’ 3￿| 3 %￿￿ A￿i) @hi @ tTiU￿@* U@ti @4L?} |￿i t￿?}*i￿Ti@!i_￿
;iru doo l 5i 9>==>43j>s +l,@; >s +44, @ 43=4>s +45, @ 44>s +46, @ s+47, @
46>s +48, @ s+49, @ 47= Lq wklv vrflhw|/ ghflvlrqv duh h{suhvvhg e| wzr sdluv
++{￿>V ￿,>+{2>V 2,,> zkhuh {￿ dqg {2 duh wkh orfdwlrqv ri wkh sxeolf idflolwlhv dqg
V￿>V 2 duh wkh vhw ri djhqwv zkr duh dvvljqhg wr wkhvh idflolwlhv/ uhvshfwlyho|1 Iljxuh
4 surylghv d vnhwfk| judsklfdo uhsuhvhqwdwlrq ri wkh djhqwv* suhihuhqfhv dqg lw
vkrzv d sduwlfxodu ghflvlrq g @ ++;>i4>===>44j,>+46/i45>==>49j,,= Zlwk Hxfolghdq
suhihuhqfhv lw lv hqrxjk wr uhsuhvhqw wkh shdnv ri wkh djhqwv rq wkh olqh1 Hdfk
flufoh ryhu d srlqw ri wkh shdnv frqwdlqv d qxpehu/ lqglfdwlqj zkdw djhqw kdv d
shdn dw wkdw srlqw1 D ghflvlrq g @ ++{￿>V ￿,>+{2>V 2,, zloo eh uhsuhvhqwhg e| wkh
odehov {￿>{ 2 dw wkh dssursuldwh srlqwv ri wkh olqh/ dqg e| vtxduhv frqwdlqlqj wkh
djhqwv lq V￿ dqg V2 uhvshfwlyho|1
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Li wkh phpehuv ri wklv vrflhw| zhuh wr fkrrvh rqh ghflvlrq e| pdmrulw| yrw0
<lqj/ zklfk rqh +v, zrxog wkh| vhohfwB Wkhuh pd| eh vhyhudo srvvleoh fkrlfhv/ exw
wkh| vkrxog doo eh Frqgrufhw zlqqhuv= wkdw lv/ ghflvlrqv zklfk zrxog qrw orrvh
e| pdmrulw| djdlqvw dq| rwkhu rqh1 Lq rxu h{dpsoh/ wkh ghflvlrq wkdw zh kdyh
uhsuhvhqwhg/ g @+ + {￿>V ￿,>+{2>V 2,, lv d Frqgrufhw zlqqhu1
Wkh idfw wkdw g lv d Frqgrufhw zlqqhu kdv frqvhtxhqfhv1 Vshfl￿fdoo|/ lw jxdu0
dqwhhv wkdw lw vdwlv￿hv d qxpehu ri qlfh surshuwlhv/ zklfk zh vkdoo khuh ghvfuleh
lqirupdoo|/ dqg wkhq gh￿qh suhflvho|1
+4, Wkh ghflvlrq g lv Sduhwr h￿flhqw1 Lqghhg/ wkhuh lv qr rwkhu zd| wr orfdwh
wkh ghflvlrqv dqg wr dvvljq djhqwv wr wkhp zklfk doo djhqwv zrxog xqdqlprxvo|
vxssruw ryhu g +zlwk vrph ehlqj srvvleo| lqgl￿huhqw,1
+5, Wkh ghflvlrq g vdwlv￿hv dq dwwudfwlyh surshuw| ri lqwhuqdo vwdelolw|1 Qrwlfh wkdw
g lghqwl￿hv wkh vhw V￿ dv wkdw ri wkh xvhuv ri wkh idflolw| orfdwhg dw {￿= Vxssrvh
wkdw djhqwv lq V￿ zhuh lq d srvlwlrq wr uhfrqvlghu/ mxvw e| wkhpvhoyhv/ zkhwkhu
{￿ lv lqghhg wkh ehvw orfdwlrq iru wkh idflolw| wkdw wkh| duh wkh rqo| xvhuv ri1 Li
wkhvh djhqwv zhuh wr yrwh e| pdmrulw| rq wkdw lvvxh/ {￿ zrxog lqghhg eh fkrvhq/
vlqfh lw lv wkh phgldq ri wkh shdnv ri djhqwv lq V￿> hdfk ri zklfk kdv vlqjoh shdnhg
suhihuhqfhv1 Joredo ghflvlrqv jlyh ulvh wr d sduwlwlrq ri vrflhw|/ dqg lqwhuqdo vwd0
elolw| phdqv wkdw wkh phpehuv lqvlgh hdfk sduwlwlrq djuhh/ e| pdmrulw|/ rq wkh
orfdwlrqv ri wkhlu rzq idflolw|1
+6, Wkh ghflvlrq g vdwlv￿hv qlfh surshuwlhv ri h{whuqdo vwdelolw|1 Zh fdq dwwdfk vhy0
hudo phdqlqjv wr wklv jhqhudo qrwlrq/ doo ri wkhp uhodwhg wr wkh txhvwlrq zkhwkhu
djhqwv zkr duh dvvljqhg wr d fhuwdlq idflolw| zloo kdyh lqfhqwlyhv wr dffhsw wklv
dvvljqphqw/ ru hovh zrxog suhihu wr mrlq d gl￿huhqw vhw ri xvhuv1 Lq d ￿uvw phdqlqj
ri h{whuqdo vwdelolw|/ dq doorfdwlrq pd| eh hqy|0iuhh1 Wklv phdqv wkdw/ lq rxu frq0
wh{w/ qr djhqw zkr lv dvvljqhg wr rqh idflolw| zrxog suhihu wr xvh dq| ri wkh rwkhu
idflolwlhv zklfk duh pdgh dydlodeoh wr rwkhu djhqwv dv sduw ri wkh vdph ghflvlrq1
43Lw lv hdv| wr vhh wkdw/ li wkh lqlwldo doorfdwlrq lv h￿flhqw/ dqg rxuv lv/ wkhq lw lv
hqy|0iuhh1 Lqghhg/ wklv lv gxh wr wkh devhqfh ri frqjhvwlrq lq wkh frqvxpswlrq
ri wkh sxeolf idflolwlhv1 Wkhuhiruh/ qr djhqw +ru jurxs, zloo kdyh lqfhqwlyhv wr
fkdqjh idflolwlhv xqghu dq h￿flhqw ghflvlrq/ xqohvv wkh djhqw +ru jurxs, fdq iruh0
vhh wkdw mrlqlqj dqrwkhu jurxs pd| lqgxfh d idyrudeoh fkdqjh lq wkh orfdwlrq ri
wkh uhohydqw idflolwlhv1 Wklv ohdgv xv wr ghvfuleh rwkhu qrwlrqv ri h{whuqdo vwdelolw|/
lqyroylqj wkh frpsdulvrq ri dq| doorfdwlrq zlwk rwkhuv wkdw pd| kdyh uhvxowhg
li djhqwv kdg wkh uljkw wr eh doorfdwhg dv wkh| zlvkhg1 Vshfl￿fdoo|/ zh fdq gh0
￿qh Qdvk dqg jurxs Qdvk vwdelolw| dv wzr surshuwlhv ri h{whuqdo vwdelolw|/ rqfh
zh foduli| wkh zd| lq zklfk rqh djhqw +ru vhw ri djhqwv, frxog prgli| dq lqlwldo
doorfdwlrq e| mrlqlqj d jurxs gl￿huhqw wkdq wkh rqh vkh +wkh|, zhuh ruljlqdoo|
dvvljqhg wr1 Lq rxu h{dpsoh/ zh pd| fkhfn wkdw/ xqghu wkh vxvwdlqhg k|srwkhvlv
ri lqwhuqdo vwdelolw| +ru htxlydohqwo|/ li wkh idflolw| dvvljqhg wr hdfk jurxs lv d
pdmrulw| zlqqhu iru wkdw jurxs,/ qr djhqw ru jurxs frxog ehqh￿w iurp mrlqhg d
gl￿huhqw jurxs wkdq wkh rqh wkh| duh lqlwldoo| dvvljqhg wr1 Wkh idfw wkdw ghflvlrq
g vdwlv￿hv vr pdq| lqwhuhvwlqj surshuwlhv lv qrw dq dfflghqw1 Udwkhu/ zh vkdoo
suryh wkdw lw lv d frqvhtxhqfh ri wkh idfw wkdw wklv ghflvlrq lv d Frqgrufhw zlqqhu
dprqj joredo ghflvlrqv ri wkh irup ++{￿>V ￿,>+{2>V 2,,￿1
Ohw xv qrz gh￿qh irupdoo| wkh surshuwlhv glvfxvvhg lq H{dpsoh 4/ dqg zh suryh
wkdw zkhqhyhu d joredo Frqgrufhw zlqqhu h{lvw/ lw vdwlv￿hv doo wkrvh surshuwlhv1
Gh￿qlwlrq 61 Dq V@n￿ghflvlrq g @ ++{￿>V ￿,,&
￿’￿ 5 G+V>n, lv lqwhuqdoo| vwdeoh
￿W? |￿￿t @?_ @** L|￿ih i @4T*itc ￿i t￿@** @tt￿4i |￿@| @}i?|t ￿@￿i i￿U*￿_i@? Thiuihi?Uit￿ ￿?i
UL?ti^￿i?Ui Lu |￿￿t ￿t |￿@|c ￿? |￿iti i @4T*itc @** }hL￿Tt ￿? T@h|￿|￿L?t t@|￿tu)￿?} L￿h t|@M￿*￿|)
hi^￿￿hi4i?|t ￿￿** Mi UL??iU|i_￿ ￿￿| |￿￿t ￿t ￿￿t| uLh |￿iti tTiU￿@* Thiuihi?Uitc @?_ ￿| t￿L￿*_
?L| Mi i TiU|i_ ￿? |￿i 4Lhi }i?ih@* U@ti Lu t￿?}*i Ti@!i_ Thiuihi?Uitc ￿￿￿U￿ @hi |￿i L?it ￿i
@tt￿4i ￿? |￿i T@Tih￿ A￿i hi@_ih 4@) U￿iU! |￿@| L￿h uLh4@* ThLLut ?i￿ih @tt￿4i UL??iU|i_?itt
Lu }hL￿Ttc @t ￿| ?ii_ ?L| ￿L*_ ￿? |￿i }i?ih@* uh@4i￿Lh!￿
44li g￿ @+ {￿>V ￿, 5 FZ+S7￿>4, iru doo k vxfk wkdw V￿ 9@ >=
Dv douhdg| h{sodlqhg/ zh pd| zdqw wr frqvlghu qrw rqh/ exw vhyhudo qrwlrqv
uhodwhg wr h{whuqdo vwdelolw|1 Li djhqwv hqylvdjh wkh srvvlelolw| ri mrlqlqj dqrwkhu
jurxs/ exw qrw ri fkdqjlqj wkh orfdwlrq ri dq| remhfw/ wkhq h{whuqdo vwdelolw| lv
htxdo wr Qr0hqy|1 Li djhqwv hqylvdjh wkh srvvlelolw| ri mrlqlqj dqrwkhu jurxs/ dqg
frqvlghu wkdw wkh remhfw dvvljqhg wr wklv qhz jurxs pd| eh uhdoorfdwhg dffrug0
lqjo|/ wkhq h{whuqdo vwdelolw| lv Qdvk vwdelolw|1 Jurxs Qdvk vwdelolw| zrxog eh
vlplodu/ zlwk wkh dgghg srvvlelolw| wkdw djhqwv pljkw frruglqdwh zlwk rwkhuv lq
wkh vdph jurxs zkhq ghflglqj zkhwkhu ru qrw wr fkdqjh jurxsv1
Zh qrz surfhhg wr irupdoo| gh￿qh wkhvh qrwlrqv dqg wr vwxg| wkhlu frpsdwl0
elolw| zlwk rwkhu ghvludeoh ihdwxuhv ri wkh froohfwlyh fkrlfh uxohv1
Gh￿qlwlrq 71 Dq V@n￿ghflvlrq g @ ++{￿>V ￿,,&
￿’￿ 5 G+V>n, lv hqy|0iuhh li iru
doo l 5 V> {+l>g, ?￿ {￿ iru doo {￿ 5 gu=
Erwk wkh qrwlrq ri Qdvk dqg jurxs Qdvk vwdelolw| duh edvhg rq wkh dvvxps0
wlrq wkdw djhqwv pd| frpsduh gl￿huhqw vhwv ri ghflvlrqv/ uhvxowlqj iurp wkhlu
xvh ri dowhuqdwlyh vwudwhjlhv +wklv lv ehfdxvh zh duh vwxg|lqj vrfldo fkrlfh fru0
uhvsrqghqfhv,1 Vlqfh djhqwv* suhihuhqfhv kdyh ehhq gh￿qhg xs wr qrz rq vlqjoh
ghflvlrqv/ zh pxvw eh suhflvh rq wkh nlqg ri vhw frpsdulvrqv wkdw zh doorz iru1
Udwkhu wkdq lqwurgxflqj yhu| jhqhudo sulqflsohv ri vhw frpsdulvrqv/ zh sursrvh
wzr vshfl￿f gh￿qlwlrqv ri Qdvk dqg jurxs Qdvk vwdelolw|1 Wkh| duh edvhg rq wkh
lpsolflw dvvxpswlrq wkdw djhqwv zloo rqo| hqjdjh lq vwudwhjlf fkdqjhv iurp rqh
jurxs wr dqrwkhu li wkhvh fkdqjhv jxdudqwhh dq xqhtxlyrfdo jdlq/ zkdwhyhu sdlu
ri doorfdwlrqv zh fkrrvh wr frpsduh rxw ri wkh fkrlfhv pdgh e| wkh vrfldo fkrlfh
fruuhvsrqghqfh1
45Gh￿qlwlrq 81 Dq V@n￿ghflvlrq g @+ + {￿>V ￿,,&
￿’￿ 5 G+V>n, lv Qdvk vwdeoh li iru
doo k/ m> zlwk k 9@ m dqg iru doo l 5 V￿> wkhuh lv ￿ { 5 FZ+S7￿￿t￿￿>4, vxfk wkdw
{+l>g, ?￿ ￿ {=
Gh￿qlwlrq 91 Dq V@n￿ghflvlrq g @+ + {￿>V ￿,,&
￿’￿ 5 G+V>n, lv jurxs Qdvk vwdeoh
li iru doo k/ m> zlwk k 9@ m dqg iru doo L ￿ V￿> wkhuh lv ￿ { 5 FZ+S7￿￿U>4, vxfk wkdw
{+l>g, ?￿ ￿ { iru doo l 5 L=
Ohw xv qrz h{soruh vrph ri wkh frqqhfwlrqv dprqj wkhvh vwdelolw| uhtxluhphqwv
dqg wzr lpsruwdqw surshuwlhv ri doorfdwlrqv= h￿flhqf| dqg ehlqj d Frqgrufhw
zlqqhu1
Gh￿qlwlrq :1 Dq V@n￿ghflvlrq g lv h￿flhqw li wkhuh lv qr V@n￿ghflvlrq g￿ vxfk
wkdw g￿ ?￿ g iru hyhu| djhqw l 5 V dqg g￿ "￿ g iru vrph m 5 V=
H￿flhqf| lq rxu prgho uhtxluhv wkdw hdfk djhqw vkrxog eh dvvljqhg wr wkh
orfdwlrq wkh| prvw suhihu1 Wkxv/ dq h￿flhqw ghflvlrq lv hqy|0iuhh1 Ixuwkhupruh/
dq| V@n￿ghflvlrq wkdw lv d Frqgrufhw zlqqhu iru S7 dqg n lv dq h￿flhqw ghflvlrq/
frqvhtxhqwo|/ lw lv hqy|0iuhh1 Pruhryhu/ wkh fkrlfh ri d joredo Frqgrufhw zlqqhu
jxdudqwhhv lqwhuqdo vwdelolw|1 Wkdw lv/ hdfk rqh ri wkhvh orfdwlrqv lv d Frqgrufhw
zlqqhu iru wkh djhqwv zkr duh frqfhuqhg derxw lw1 Wklv odvw uhvxow zdv vkrzq
lq Sursrvlwlrq 6 lq Eduehu￿ d dqg Ehyl￿ d +5334,1 Iru wkh vdnh ri frpsohwhqhvv zh
irupdoo| uhsurgxfh lw khuh1
Sursrvlwlrq 41 Jlyhq V 5 8>S 7 5S 7 dqg n 5 Q/l id qV@n￿ghflvlrq g @
++{￿>V ￿,,&
￿’￿ 5 FZ+S7>n,> wkhq g lv lqwhuqdoo| vwdeoh1
Ilqdoo|/ rxu qh{w sursrvlwlrq vkrzv wkdw joredo Frqgrufhw zlqqhuv duh jurxs
Qdvk vwdeoh dqg/ wkhuhiruh/ Qdvk vwdeoh1
46Sursrvlwlrq 51 Jlyhq V 5 8 S7 5S 7 dqg n 5 Q li dq V@n￿ghflvlrq g @
++{￿>V ￿,,&
￿’￿ 5 FZ+S7>n,> wkhq g lv jurxs Qdvk vwdeoh1
Surri1 Vxssrvh wkdw wkhuh lv d joredo Frqgrufhw zlqqhu zklfk lv qrw jurxs Qdvk
vwdeoh1 Wkdw lv/ wkhuh lv g 5 FZ+S7>n,>k / m> zlwk k 9@ m dqg L ￿ V￿> vxfk wkdw
￿ { "￿ {+l>g, iru doo ￿ { 5 FZ+S7￿￿U>4,> iru doo l 5 L= Zlwkrxw orvv ri jhqhudolw|
vxssrvh wkdw k @ m .4 = Ohw ^|￿>| 2‘@FZ+S7￿￿U>4,= Ohw g￿ eh vxfk wkdw g￿
, @ g,
iru doo o @ 5i m>kj>g ￿
￿ @ +|￿>V ￿ ^ L,>g ￿
￿ @ +{￿>V ￿qL,= Zh*oo suryh wkdw g￿ zlqv e|
pdmrulw| ryhu g> d frqwudglfwlrq wr wkh lqlwldo dvvxpswlrq wkdw g lv d Frqgrufhw
zlqqhu1 Ohw xv fkhfn wkdw mil 5 V m g￿ "￿ gjm A mil 5 V m g "￿ g￿jm= Qrwlfh wkdw
il 5 V m g￿ "￿ gj @ il 5 V￿ ^ L m |￿ "￿ {￿j> dqg vlqfh |￿ 5 FZ+S7￿￿U>4,>
mil 5 V￿ ^ L m |￿ "￿ {￿jm ￿ mil 5 V￿ ^ L m {￿ "￿ |￿jm= Khqfh/ zh rqo| qhhg wr suryh
wkdw wklv lqhtxdolw| lv vwulfw1 Jlyhq wkdw g 5 FZ+S7>n,>glv hqy|0iuhh/ wkhq
{+l>g, ?￿ {￿ iru doo l 5 L> dqg vlqfh doo wkh djhqwv lq L suhihu dq| hohphqw lq
FZ+S7￿￿U>4, wr {+l>g,>{ ￿ @ 5 FZ+S7￿￿U>4,> zklfk lpsolhv wkdw {￿ ?| ￿ ￿ | iru
doo | 5 FZ+S7￿￿U>4,= Wkhq mil 5 V￿ ^ L m |￿ "￿ {￿jm A mil 5 V￿ ^ L m {￿ "￿ |￿jm>
dqg wulyldoo|/ mil 5 V￿ ^ L m {￿ "￿ |￿jm @ mil 5 V m g "￿ g￿jm> zklfk frqwudglfwv wkh
idfw wkdw g 5 FZ+S7>n,=
  	  
Zh kdyh vkrzq wkdw Frqgrufhw zlqqhuv duh h￿flhqw ghflvlrqv dqg vdwlvi| erwk
lqwhuqdo dqg h{whuqdo vwdelolw| lq doo lwv yduldqwv1 Khqfh/ li d froohfwlyh fkrlfh
fruuhvsrqghqfh wkdw dozd|v vhohfwv wkh vhw ri Frqgrufhw zlqqhuv zdv zhoo gh￿qhg/
zh frxog jxdudqwhh wkh vlpxowdqhrxv vdwlvidfwlrq ri doo wkhvh ghvlghudwd1 Krzhyhu/
Frqgrufhw zlqqhuv zloo qrw dozd|v h{lvw lq rxu vhwxs/ dv vkrzq lq wkh iroorzlqj
h{dpsoh1 Wkh lqh{lvwhqfh rffxuv ghvslwh rxu vwurqj uhvwulfwlrqv rq suhihuhqfhv/
47zklfk jxdudqwhh wkh h{lvwhqfh ri Frqgrufhw zlqqhuv zkhq n @4 1E h f d x v hr iw k d w /
wkh ghvljq ri vwdeoh uxohv zloo uhtxluh ixuwkhu dwwhqwlrq1
H{dpsoh 51 ￿L?_LhUi| ￿￿??iht 4@) u@￿* |L i ￿t|1 D vrflhw| zlwk 47 djhqwv
pxvw orfdwh wzr idflolwlhv dqg dvvljq hdfk ri wkh djhqwv wr rqh ri wkh wzr1 Djhqwv
kdyh Hxfolghdq suhihuhqfhv rq wkh olqh/ zlwk shdnv dv iroorzv= s+l,@l> iru doo
l @4 >==>7 dqg s+8, @ 65>s +9, @ 66>s +:, @ 67>s +;, @ 9:>s +<, @ 9;>s +43, @ 9<>
s+44, @< : >s +45, @< ; >s +46, @< < >s +47, @4 3 3 = Ohw xv vhh wkdw FZ+S7>5, @ >=
Zh douhdg| nqrz wkdw li g @ +g￿>g 2, 5 FZ+S7>5,> wkhq g￿ 5 FZ+S7￿>4, iru
k 5i 4>5j dqg g vkrxog eh dq h￿flhqw V@5￿ghflvlrq1 Zh uhsuhvhqw lq ￿jxuh
5 wkh suhihuhqfhv ri wkh djhqwv dqg wkh xqltxh ghflvlrq/ g @ ++{￿>V ￿,>+{2>V 2,,
wkdw vdwlv￿hv wkhvh surshuwlhv/ dqg wkxv/ wkh xqltxh srwhqwldo fdqglgdwh1 Krzhyhu
g lv qrw d Frqgrufhw zlqqhu iru S7 dqg 5 vlqfh lw lv ghihdwhg e| pdmrulw| e|
g￿ @ ++|￿>V￿
￿,>+|2>V￿
2,, +wklv ghflvlrq lv uhsuhvhqwhg lq ￿jxuh 5 zlwk grwwhg olqhv,1
Lqghhg/ il 5 V m g￿ " gj @ i8>9>:>;><>43>45>46>47j> dqg il 5 V m g " g￿j @
i4>5>6>7>44j=
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48Lq ylhz ri wklv h{dpsoh/ zh fdq qrw h{shfwhg dq| froohfwlyh fkrlfh fruuhvsrq0
ghqfh wr dozd|v vhohfw ghflvlrqv zklfk duh Frqgrufhw zlqqhuv1 Zh fdq ghpdqg/
krzhyhu/ wkdw wkh| dozd|v gr li vxfk zlqqhuv h{lvw dw doo1 Rxu dqdo|vlv zloo frq0
fhqwudwh rq uxohv wkdw vdwlvi| wklv uhtxluhphqw/ wr eh fdoohg Frqgrufhw uxohv1
Zh kdyh vhhq lq H{dpsoh 5 wkdw iru nA4 Frqgrufhw zlqqhuv pd| qrw h{lvw/
exw zkhq wkh| gr/ wkhlu fkrlfh vhhpv txlwh frpshoolqj1 Khqfh/ zh zloo ghpdqg
iru d froohfwlyh fkrlfh fruuhvsrqghqfh wr uhfrpphqg wkh fkrlfh ri wkh Frqgrufhw
zlqqhuv zkhqhyhu wkh| h{lvw1
Gh￿qlwlrq ;1 D froohfwlyh fkrlfh fruuhvsrqghqfh * lv d Frqgrufhw uxoh li iru doo
V 5 8 S7 5S 7 dqg n 5 Q vxfk wkdw FZ+S7>n, 9@ >>* +S7>n, @ FZ+S7>n,=
Wkh srvvlelolw| wkdw froohfwlyh fkrlfhv pd| idlo wr eh Frqgrufhw zlqqhuv dw
vrph sur￿ohv ohdgv wr wkh iroorzlqj txhvwlrq= duh wkhuh Frqgrufhw uxohv zklfk duh
lqwhuqdoo| vwdeoh dqg vdwlvi| vrph irup ri h{whuqdo vwdelolw| dv zhooB Dv d ￿uvw
vwhs wrzdug dq dqvzhu/ zh gh￿qh wkh fruuhvsrqghqfh wkdw fkrrvhv doo ghflvlrqv
vdwlvi|lqj lqwhuqdo vwdelolw| dqg h￿flhqf| +dqg wkxv/ wkh zhdn irup ri h{whuqdo
vwdelolw|/ hqy|0iuhhqhvv,1
Gh￿qlwlrq <1 Ohw *. eh wkh froohfwlyh fkrlfh fruuhvsrqghqfh vxfk wkdw iru hdfk
V 5 8 S7 5S 7 dqg n 5 Q >
*.+S7>n, @ ig 5 G+V>n, m g lv h￿flhqw dqg g￿ 5 FZ+S7￿>4, iru doo k v1w1 V￿ 9@ >j
Wkh ￿uvw uhvxow suryhv wkdw lqwhuqdo vwdelolw| dqg h￿flhqf| fdq dozd|v eh
phw/ wkdw lv/ wkh lpdjh ri wkh fruuhvsrqghqfh *./ dv gh￿qhg/ lv qhyhu hpsw|1
Wr irupdoo| vwdwh wkh uhvxow/ zh qhhg wr lqwurgxfh vlpsoh ixqfwlrqv ri wkh irup
i =
V
7M8 S7 $ U/ zklfk fdq eh lqwhusuhwhg wr ghwhuplqh d vlqjoh orfdwlrq iru
hdfk suhihuhqfh sur￿oh1 Zh uhtxluh wkhvh vlpsoh ixqfwlrqv wr vdwlvi| h￿flhqf| dqg
sduwlflsdwlrq1 Irupdoo|/
49Gh￿qlwlrq 431 D ixqfwlrq i =
V
7M8 S7 $ U lv h￿flhqw li iru doo V 5 8> dqg iru
doo S7 5S 7 wkhuh lv qr orfdwlrq { 5 U vxfk wkdw { ?￿ i+S7, iru doo l 5 V dqg
{ "￿ i+S7, iru vrph m 5 V=
Gh￿qlwlrq 441 D ixqfwlrq i =
V
7M8 S7 $ U vdwlv￿hv sduwlflsdwlrq li iru doo
V 5 8> doo l@ 5 V> dqg iru doo +S7>S t￿￿, 5S 7￿t￿￿>i +S7>S t￿￿, ?￿ i+S7,=
Sduwlflsdwlrq vd|v wkdw li d qhz djhqw mrlqv d jurxs/ wkh rxwfrph fdq rqo|
fkdqjhv lq wkh gluhfwlrq wkdw ehqh￿wv wkh qhz djhqw1
Rxu surri lv edvhg rq Sursrvlwlrq 4 lq Eduehu￿ d dqg Ehyl￿ d +5334,/ zkhuh zh
vkrz wkdw li d ixqfwlrq i =
V
7M8 S7 $ U lv h￿flhqw dqg vdwlv￿hv Sduwlflsdwlrq
wkhq wkh vhw ig @ +{￿>V ￿,&
￿’￿ 5 G+V>n, m g lv h￿flhqw dqg {￿ @ i+S7￿, iru doo k
v1w1 V￿ 9@ >j lv qrw hpsw|1
Ilqdoo|/ ohw xv ￿{ vrph qrwdwlrq1 Wkh orzhu phgldq ri d ￿qlwh froohfwlrq
N ri uhdo qxpehuv lv ghqrwhg e| ophg+N,= Lw vwdqgv iru wkh phgldq zkhq wkh
fduglqdolw| ri N lv rgg/ dqg iru wkh orzhvw ydoxh ri wkh phgldq li wkh fduglqdolw|
lv hyhqe1
Sursrvlwlrq 61 Wkh fruuhvsrqghqfh *. lv zhoo gh￿qhg1 Wkdw lv/ iru hdfk V 5 8
S7 5S 7 dqg n 5 Q >* .+S7>n, 9@ >=
Surri1 Ohw i =
V
7M8 S7 $ U eh vxfk wkdw iru hdfk V 5 8 dqg S7 5S 7/ i+S7, @
ophg+s+l,,￿M7= Wulyldoo|/ i lv h￿flhqw dqg vdwlv￿hv Sduwlflsdwlrq/ wkhuhiruh/ e|
Sursrvlwlrq 4 lq Eduehu￿ d dqg Ehyl￿ d +5334,/ wkh vhw ig @ +{￿>V ￿,&
￿’￿ 5 G+V>n, m g
lv h￿flhqw dqg {￿ @ i+S7￿, iru doo k v1w1 V￿ 9@ >j lv qrw hpsw|/ dqg vlqfh iru hdfk
V 5 8 dqg S7 5S 7> ophg+s+l,,￿M7 5 FZ+S7￿>4,> wkh fruuhvsrqghqfh *. lv zhoo
gh￿qhg1
e‘i U@??L| t￿4T*￿u) L￿h @?@*)t￿t M) @tt￿4￿?} @? L__ ?￿4Mih Lu ￿L|iht MiU@￿ti |￿i ?@|￿hi
Lu L￿h ^￿it|￿L?t hi^￿￿hi |￿i t￿3i Lu |￿i i*iU|Lh@|i |L Mi ￿@h￿@M*i @?_ i?_L}i?L￿t*) }￿￿i?￿
4:Wkh uxoh *./ dv gh￿qhg/ lv qrw d Frqgrufhw uxoh/ ehfdxvh qrw doo ghflvlrqv
vdwlvi|lqj wkh wzr surshuwlhv ri lqwhuqdo vwdelolw| dqg h￿flhqf| duh Frqgrufhw
zlqqhuv1 Lqghhg/ d Frqgrufhw uxoh * vdwlvi|lqj wkh lqwhuqdo dqg wkh h{whuqdo
vwdelolw| frqglwlrqv vkrxog eh d vhohfwlrq iurp *.> exw lw fdq qrw eh dq| vhohfwlrq
dv vkrzq e| wkh iroorzlqj h{dpsoh1
H{dpsoh 61 Wkh vrflhw| lv wkh vdph dv lq H{dpsoh 41 Frqvlghu wkh ghflvlrq
g @ ++|￿>V ￿,>+|2>V 2,, uhsuhvhqwhg lq ￿jxuh 61
1      2           4.5           5          6                  8                10.1      11             13       14
                      1 y                                                                2 y
1 S
2 S
                                                                     10
                                                                      9
                                                                      8
                                                                      7                                              14        16
  1       2           3             4          5                 6                  11          12          13         15
￿jxuh 6
Wkh ghflvlrq g lv qrw d Frqgrufhw zlqqhu ehfdxvh lw lv qrw jurxs Qdvk vwdeoh1
Wkh vhw ri djhqwv i9/:/;/</43j suhihuv wr mrlq V￿ wdnlqj lqwr dffrxqw wkdw wkh
orfdwlrq iru wklv qhz jurxs zloo eh dq| srlqw ehwzhhq 9 dqg ;> zklfk doo wkh
djhqwv lq wklv vhw suhihu wr wkh fxuuhqw orfdwlrq wkh| duh dvvljqhg wr1
Rxu qh{w uhpdunv uhihu wr wkh srvvlelolw| ri jxdudqwhhlqj vwurqjhu irupv ri
h{whuqdo vwdelolw| olnh Qdvk ru jurxs Qdvk vwdelolw|/ zkloh dovr uhvshfwlqj wkh
4;lqwhuqdo vwdelolw| uhtxluhphqw1 Zh ehjlq e| uhpdunlqj wkdw lw pd| qrw dozd|v eh
srvvleoh wr kdyh lqwhuqdo vwdelolw|/ h￿flhqf| dqg jurxs Qdvk vwdelolw|1
H{dpsoh 71 ￿L? i ￿t|i?Ui Lu i￿U￿i?|c ￿?|ih?@**) t|@M*i @?_ }hL￿T ￿@t￿
t|@M*i h￿*it￿ Frqvlghu d vrflhw| zlwk 58 djhqwv zlwk hxfolghdq suhihuhqfhv zlwk
wkh iroorzlqj shdnv= s+4, @ 4>s + 5 ,@5 >s + 6 ,@6 >s +l,@4 5iru doo l 5i 7>8j>
s+l,@4 7iru doo m 5i 9>:>;><j dqg s+l,@4 8iru doo l 5i 43>===>58j= Lq ￿jxuh
7/ zh uhsuhvhqw wklv vrflhw| dqg wkh ghflvlrq g @ ++{￿>V ￿,>+{2>V 2,, zklfk lv wkh
xqltxh ghflvlrq wkdw lv lqwhuqdoo| vwdeoh dqg h￿flhqw1
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Qr uxoh vdwlvi|lqj h￿flhqf| dqg lqwhuqdo vwdelolw| fdq eh jurxs Qdvk vwdeoh1
Wr fkhfn wkdw/ qrwlfh wkdw wkhvh uxohv zloo dozd|v vhohfw wkh phgldq ri jurxsv/
dqg wkxv/ V @ i9>:>;><j zloo suhihu wr mrlq V￿ dqg wkhq jhw ￿ {￿ @4 7 = Pruhryhu/
4<qrwlfh wkdw d flufoh dulvhv/ zklfk dovr pdnhv wklv qhz frdolwlrq +dqg wkh qh{w, xq0
vwdeoh1 Lqghhg/ xqghu wkh dvvljqphqw ++47>i4>5>6>9>:>;><j,>+48>i7>8>43>==>58j,
wkh jurxs i7>8j zrxog olnh wr mrlq i4>5>6>9>:>;><j dqg jhw wkh idflolw| orfdwhg
lq 45= Dqg wkh uhvxowlqj doorfdwlrq/ ++45>i4>5>==><j,>+48>i43>==>58j, zloo wkhq lq0
gxfh i9>==><j wr mrlq i43>==>58j lq rughu wr jhw doorfdwhg wr 48/ zklfk wkh| suhihu
wr 45/ wkhq ohdylqj i4>5>6>7>8j zlwk d idflolw| lq 6/ iru zklfk qrz i7>8j zloo zdqw
wr ghsduw/ wkxv forvlqj wkh f|foh1
Zh fdq qrw frpelqh lqwhuqdo vwdelolw| zlwk rxu prvw ghpdqglqj qrwlrq ri
h{whuqdo vwdelolw|1 Exw zh fdq frpelqh lw zlwk wkh vdwlvidfwlrq ri Qdvk vwdelolw|/
dv h{suhvvhg lq wkh iroorzlqj sursrvlwlrq1
Gh￿qlwlrq 451 Ohw *￿ eh wkh vxefruuhvsrqghqfh ri *. vxfk wkdw iru hdfk V 5
8 S7 5S 7 dqg n 5 Q/ *￿+S7>n, fkrrvhv doo Qdvk vwdeoh ghflvlrqv lq *.+S7>n,=
Sursrvlwlrq 71 Wkh fruuhvsrqghqfh *￿ lv zhoo gh￿qhg1 Wkdw lv/ iru hdfk V 5 8
S7 5S 7 dqg n 5 Q>* ￿+S7>n, 9@ >=
Surri1 Ohw V 5 8>S 7 5S 7 dqg n 5 Q1 Li wkhuh duh dw prvw n gl￿huhqw
shdnv/ zh duh grqh1 Khqfh/ vxssrvh wkdw wkhuh duh dw ohdvw n gl￿huhqw shdnv1
Ohw xv rughu wkh djhqwv e| lqfuhdvlqj rughu ri wkhlu shdnv1 Ohw V￿
￿ @ il 5 V m
s+l, @ s+k,j iru doo k 5i 4>==>n ￿ 4j> dqg V￿
& @ il 5 V m s+l, As +n ￿ 4,j=
Ohw {￿ @ +{￿
￿,&
￿’￿ eh vxfk wkdw {￿
￿ @ ophg+s+l,,￿M7￿




￿’￿= Qrwlfh wkdw/ {￿
￿ @ s+k, iru doo k 5i 4>==>n ￿ 4j= Li wkhuh lv
qr l 5 V￿
&> vxfk wkdw iru doo ￿ { 5 FZ+S7￿
&3￿￿t￿￿>4,> ￿ { "￿ {+l>g￿, zh duh grqh1
Rwkhuzlvh/ ohw L @ il 5 V￿
& miru doo ￿ { 5 FZ+S7￿
&3￿￿t￿￿>4,> ￿ { "￿ {￿
&j> dqg ohw
V&3￿ @ V￿
&3￿ ^ L= Ohw |&3￿ @ ophg+s+o,,,M7&3￿= Iluvw ri doo/ qrwlfh wkdw iru doo
l>m 5 L/ ophg+s+o,,,M7￿
&3￿￿t￿￿ @ ophg+s+o,,,M7￿
&3￿￿t￿￿ ￿ |&3￿ ?{ ￿
&= Qrwlfh wkdw
53zh fdq kdyh djhqwv lq V￿
& zklfk suhihu {￿
& wr dq| srlqw lq FZ+S7￿
&3￿￿t￿￿>4,>
exw wkh| kdyh wkhlu shdnv ehwzhhq {￿
&3￿ dqg |&3￿> zklfk lpsolhv wkdw wkh|
suhihu |&3￿ wr {￿
&= Ohw V￿
& ￿ V￿
& eh wkh vhw ri wkrvh djhqwv1Iru hdfk l 5 V￿
&/
ohw }￿ eh vxfk wkdw djhqw l lv lqgl￿huhqw ehwzhhq {￿
& dqg }￿= Ohw xv rughu wkh
djhqwv lq V￿
& e| lqfuhdvlqj rughu ri }￿= Wkhq ^}￿n￿>{ ￿
&‘ ￿ ^}￿>{ ￿
&‘= Wdnh wkh ￿uvw
djhqw lq wklv vhw1 Wkhq/ ophg+s+o,,,M7&3￿￿t￿￿ ?￿ |&3￿> dqg vlqfh |&3￿ ?￿ {￿
&>
ophg+s+o,,,M7&3￿￿t￿￿ 5 ^}￿>{ ￿
&‘= Li ophg+s+o,,,M7&3￿￿t￿￿ 5 ^}2>{ ￿
&‘> dgg djhqw 5 wr
V&3￿^i4j> dqg zh jhw wkdw ophg+s+o,,,M7&3￿￿t￿c2￿ ?2 ophg+s+o,,,M7&3￿￿t￿￿,> zklfk
zloo lpso| wkdw ophg+s+o,,,M7&3￿￿t￿c2￿ 5 ^}2>{ ￿
&‘=Zh nhhs dgglqj djhqwv iurp V￿
& lq
wkh deryh gh￿qhg rughu zkhqhyhu ophg+s+o,,,M7&3￿￿t￿c2c￿￿c￿￿, 5 ^}￿n￿>{ ￿
2‘= Ohw V￿￿
&
eh wklv vxevhw ri djhqwv1 Wkhq/ iru doo l 5 V￿
&qV￿￿
& > ophg+s+o,,,M7&3￿￿7￿￿
& @ 5 ^}￿>{ ￿
&‘=
Qrwlfh wkdw doo djhqwv lq V￿
&qV￿￿
& kdyh wkhlu shdnv ehwzhhq ophg+s+o,,,M7&3￿￿7￿￿
&
dqg {￿
&= Rqfh wklv surfhvv lv frpsohwhg/ frqvlghu wkh iroorzlqj vhwv ri djhqwv=
V2




& j> dqg V2
￿ @ V￿
￿ iru doo k 5i 4>==>n￿ 5j=
Ohw {2
￿ @ ophg++s+o,,,M72




& dqg wkhuhiruh/ {2
&3￿ ?￿ {￿
&= Dovr/ e| frqvwuxf0
wlrq/ iru doo o 5 V￿￿
& >{ 2
&3￿ ?, {￿
&= Dqg vlqfh {2
& ￿ {￿




Wkhuhiruh/ rqfh wkh surfhvv kdv ￿qlvkhg/ qr djhqw wkdw kdv ehhq pryhg lq rughu




￿’￿ 5 *￿+S7>n, zh duh grqh1 Li qrw/ zh uhshdw wkh surfhvv1 Qrwlfh wkdw/
li lq vwhs m zh gr qrw jhw d ghflvlrq lq *￿+S7>n,/ lw lv ehfdxvh iru vrph k> vrph
l 5 V
￿
￿ dqg doo ￿ { 5 FZ+S7
￿
￿3￿￿t￿￿>4,> ￿ { "￿ {
￿
￿= Wkxv/ li wklv lv wkh fdvh/ lq hdfk




￿3￿ lq wkh zd| ghvfulehg deryh1 Wkh surfhvv zloo














54Wkh fruuhvsrqghqfh *￿ lv h￿flhqw/ Qdvk vwdeoh dqg vdwlv￿hv wkh lqwhuqdo vwd0
elolw| surshuw|/ exw lw lv vwloo qrw d Frqgrufhw uxoh1 Iru h{dpsoh/ wkh ghflvlrq
looxvwudwhg lq ￿jxuh 6 lv rqh ri wkh ghflvlrqv vhohfwhg e| wklv fruuhvsrqghqfh exw
zh kdyh vhhq wkdw lv qrw d Frqgrufhw zlqqhu/ hyhq wkrxjk d Frqgrufhw zlqqhu
h{lvwv1
Iurp khuh rq/ zh idfh wzr srvvleoh vwudwhjlhv1 Rqh lv wr uh￿qh wklv fruuhvsrq0
ghqfh lq dq dghtxdwh zd| vr dv wr jxdudqwhh wkdw zh jhw d Frqgrufhw uxoh1 Wklv
lv wkh dssurdfk zh zloo hqg xs wdnlqj1 Wkh rwkhu zrxog eh wr vwduw zlwk d Frq0
grufhw uxoh dqg vhh zkhwkhu lw lv lqwhuqdoo| dqg Qdvk vwdeoh1 Dowkrxjk zh vkdoo
qrw wdnh wklv urxwh dw wkh hqg/ lw lv zruwk h{sorulqj rqh ri lwv srvvleoh vwduwlqj
srlqwv/ dv lw zloo eh xvhixo lq wkh vhtxho1
   
 	
Wkh olwhudwxuh rq wrxuqdphqwv kdv sursrvhg pdq| gl￿huhqw uxohv zklfk fkrrvh
Frqgrufhw zlqqhuv zkhq wkh| h{lvw/ dqg rwkhuzlvh pdnh fkrlfhv edvhg rq gl￿huhqw
w|shv ri frqvlghudwlrqv1 Rqh ri wkhvh uxohv lv wkh Vlpsvrq uxohD/ zklfk zh qrz
ghvfuleh1
Gh￿qlwlrq 461 Jlyhq V 5 8 S7 5S 7 dqg n 5 Q> iru dq| g>g￿ 5 G+V>n,> ohw
Q+g>g￿, @ mil 5 V m g ?￿ g￿jm= Jlyhq g 5 G+V>n,> wkh Vlpsvrq vfruh ri g> ghqrwhg
VF+g,> lv wkh plqlpxp ri Q+g>g￿, ryhu doo g￿ 5 G+V>n,>g ￿ 9@ g=
Dq V@ n0ghflvlrq g lv d Vlpsvrq zlqqhu iru S7 dqg n li VF+g, ￿ VF+g￿, iru doo
g￿ 5 G+V>n,=
Wkh Vlpsvrq fruuhvsrqghqfh/ VZ> lv gh￿qhg vr wkdw iru hdfk V 5 8 S7 5S 7
D‘i ￿@￿i U￿Lti? |￿i 5￿4TtL? h￿*i @t ￿| ￿t _￿hiU|*) @TT*￿U@M*i |L U￿L￿Ui ThLM*i4t ￿?￿L*￿￿?} @?
￿?￿?￿|i ti| Lu @*|ih?@|￿￿it￿ ￿|￿ih Uh￿|ih￿@ E*￿!i |￿i ￿LTi*@?_ h￿*i￿ @hi ￿t￿@**) _i￿?i_ uLh ￿?￿|i
ti|t Lu @*|ih?@|￿￿it @?_ ￿L￿*_ ?ii_ |L Mi @_@T|i_￿
55dqg n 5 Q>
VZ+S7>n,@ig 5 G+V>n, m VF+g, ￿ VF+g￿, iru doo g￿ 5 G+V>n,j
Wkh Vlpsvrq uxoh wxuqv rxw qrw wr eh h￿flhqw dqg lqwhuqdoo| vwdeoh/ dv wkh
iroorzlqj h{dpsoh vkrzv1
H{dpsoh 81 Ohw xv frqvlghu H{dpsoh 5 djdlq1 Li VZ zdv h￿flhqw dqg lq0
whuqdoo| vwdeoh/ lw vkrxog eh d vhohfwlrq ri *.= Lq wklv h{dpsoh/ *.+S7>5, @
i++{￿>V ￿,>+{2>V 2,,j= Wklv ghflvlrq lv uhsuhvhqwhg lq ￿jxuh 81 Krzhyhu/ wklv ghfl0





uhsuhvhqwhg lq ￿jxuh 8 zlwk grwwhg olqhv1 Wklv V@50ghflvlrq lv vxfk wkdw g￿ "￿ g iru
doo l 5i 8>9>:>;><>43>45>46>47j> dqg g "￿ g￿ iru doo l 5i 4>5>6>7>44j= Wkhuhiruh
wkh qxpehu ri yrwhuv suhihuulqj g wr g￿ lv ￿yh/ dqg wklv lv wkh plqlpxp ryhu doo ￿ g=
Vr/ wkh Vlpsvrq vfruh ri g lv ￿yh1 Iru a g @ ++|￿>V ￿,>+{￿
2>V 2,,> lw lv hdv| wr vhh wkdw
wkh Vlpsvrq vfruh ri a g lv vl{1 Wkhq g fdq qrw eh d Vlpsvrq zlqqhu1 Wkhuhiruh/
VZ lv qrw h￿flhqw dqg lqwhuqdoo| vwdeoh1
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56Lq ylhz ri wkh deryh/ zh frph edfn wr wkh vwudwhj| douhdg| ghvfulehg deryh=
vwduw iurp wkh fruuhvsrqghqfh *￿ dqg vhohfw ghflvlrqv iurp lw lq vxfk d zd| dv
wr suhvhuyh wkh Frqgrufhw fulwhulrq1 Iru wklv sxusrvh/ zh sursrvh d yduldwlrq ri
wkh Vlpsvrq uxoh1
Wkh Vlpsvrq uxoh/ dv lw lv xvxdoo| gh￿qhg/ frpsxwhv wkh Vlpsvrq vfruhv rq
wkh edvlv ri doo sdluzlvh frpsdulvrqv dprqj wkh hohphqwv ri d vhw1 Wkhq lw xvhv
wkhvh vfruhv wr fkrrvh dprqj wkhvh vdph hohphqwv1 Rxu yduldwlrq ri wkh uxoh lv
edvhg rq wkh lghd wkdw rqh pljkw irup Vlpsvrq vfruhv rq wkh edvlv ri sdluzlvh
frpsdulvrqv dprqj hohphqwv ri d fhuwdlq vhw G> dqg wkhq xvh wkhp wr fkrrvh
iurp d vxevhw ri G= Irupdoo|=
Gh￿qlwlrq 471 J l y h qdv x e v h wr iV@n￿ghflvlrqv/ K ￿ G+V>n,> wkh vhw ri
K￿Vlpsvrq zlqqhuv lv wkh vhw ri ghflvlrqv lq K zkrvh Vlpsvrq vfruh + vwloo
frpsxwhg rq sdluzlvh frpsdulvrqv ryhu doo G+V>n,, lv pd{lpdo rq K=
Khqfh/ wkh K￿Vlpsvrq zlqqhuv duh wkrvh hohphqwv lq K zklfk kdyh wkh pd{0
lpdo Vlpsvrq vfruhv1 Exw wkhvh vfruhv duh frpsxwhg qrw rqo| lq sdluzlvh frp0
sdulvrqv dprqj hohphqwv lq K/ exw rq sdluzlvh frpsdulvrqv dprqj doo hohphqwv
ri wkh odujhu vhw G+V>n,=
Wklv phwkrg fdq qrz eh dssolhg wr gh￿qh vxefruuhvsrqghqfhv ri dq| jlyhq
fruuhvsrqghqfh1
Gh￿qlwlrq 481 Jlyhq d fruuhvsrqghqfh *>lwv Vlpsvrq vxefruuhvsrqghqfh/ *W>lv
gh￿qhg vr wkdw iru hdfk V 5 8 S7 5S 7 dqg n 5 Q/
*W+S7>n, @ ig 5 *+S7>n, m g lv *+S7>n, ￿ Vlpsvrq zlqqhuj
Ilqdoo|/ dsso| wklv jhqhudo surfhgxuh wr *￿> dqg gh￿qh lwv Vlpsvrq vxefru0
uhvsrqghqfh/ *W￿= Lw lv vwudljkwiruzdug wr fkhfn wkdw *W￿ zloo vdwlvi| doo rxu
uhtxluhphqwv1
57Sursrvlwlrq 81 Ohw *W￿ eh wkh Vlpsvrq vxefruuhvsrqghqfh ri *￿=Wklv fruuh0
vsrqghqfh lv dq lqwhuqdoo| dqg Qdvk vwdeoh Frqgrufhw uxoh1
Uhpdun 41 Qrwlfh wkdw li zh kdg fkrvhq iurp wkh vhw *￿+S7>n, rq wkh edvlv
ri wkh Vlpsvrq vfruhv frpsxwhg iru wkh phpehuv ri wklv vhw dorqh/ zh frxog
jxdudqwhh wkh fkrlfh ri Frqgrufhw zlqqhuv zkhq wkh| h{lvw/ exw frxog qrw dozd|v
dyrlg wkh fkrlfh ri rwkhu qrq0Frqgrufhw doorfdwlrqv lq *￿+S7>n, +ehfdxvh wkhvh
pd| eh grplqdwhg e| doorfdwlrqv rxwvlgh ri *￿+S7>n,,=
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Zh kdyh suryhq wkdw vrfldo fkrlfh fruuhvsrqghqfhv vdwlvi|lqj vrph ri rxu txlwh
ghpdqglqj uhtxluhphqwv gr h{lvw1 Zh kdyh dovr suryhq wkdw wkh uhtxluhphqw ri
Qdvk vwdelolw| fdqqrw eh vwuhqjwkhqhg wr jurxs Qdvk vwdelolw|1 Zh kdyh qrw sur0
ylghg fkdudfwhul}dwlrq uhvxowv/ exw mxvw h{dpsohv lqyroylqj vshfl￿f uxohv1 Wkhlu
frqvwuxfwlrq frpelqhv d ￿uvw fkrlfh ri ghflvlrqv vdwlvi|lqj edvlf qhfhvvdu| frq0
glwlrqv/ iroorzhg e| d ixuwkhu fkrlfh dprqj wkhp +wkurxjk wkh Vlpsvrq uxoh, lq
rughu wr jhw d Frqgrufhw uxoh1 Rxu xvh ri wkh Vlpsvrq uxoh lv qrw hvvhqwldo> rwkhu
h{whqvlrqv ri pdmrulw|/ dovr uhvshfwlqj wkh Frqgrufhw fulwhulrq/ frxog kdyh ehhq
xvhg1 Krzhyhu/ qrw doo h{whqvlrqv zrxog kdyh ehhq dssursuldwh1 Wkh Vlpsvrq
uxoh lv kdqg| ehfdxvh lw lv hdv| wr h{whqg wr wkh fkrlfh rxw ri dq lq￿qlw| ri do0
whuqdwlyhv +xqolnh wkh Frshodqg uxoh, dqg ehfdxvh lw lv vlpso| edvhg rq sdluzlvh
frpsdulvrqv ehwzhhq dowhuqdwlyhv1
Wkh deryh uhpdunv vxjjhvw wzr gluhfwlrqv iru ixuwkhu uhvhdufk1 Rqh zrxog
eh wr ￿qg dgglwlrqdo vrfldo fkrlfh fruuhvsrqghqfhv vdwlvi|lqj rxu surshuwlhv1 Wkh
rwkhu zrxog lqyroyh wkh d{lrpdwlf fkdudfwhul}dwlrq ri wkh uxohv zh kdyh sursrvhg/
ru ri odujhu fodvvhv frqwdlqlqj wkhp1
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^4‘ Edqhumhh/ V1/ Nrqlvkl/ K1/ dqg Vrqph}/ W1 +5334,1 _Fruh lq d Vlpsoh Frdolwlrq
irupdwlrq jdph/% Vrfldo Fkrlfh dqg Zhoiduh 4; +4,/ 4680861
^5‘ Eduehu￿ d/ V1/ dqg Ehyl￿ d/ F1 +5335,1 _Vhoi0Vhohfwlrq Frqvlvwhqw Ixqfwlrqv/%
Mrxuqdo ri Hfrqrplf Wkhru| 438 +5,/ 59605::1
^6‘ Erjrproqdld/ D1/ dqg Mdfnvrq P1 +5335,1 _Wkh Vwdelolw| ri Khgrqlf Frdolwlrq
Vwuxfwxuhv/% Jdphv dqg Hfrqrplf Ehkdylru 6; +5,/ 5340631
^7‘ Nrqlvkl/ K1/ OhEuhwrq/ P1/ dqg Zhehu/ V1 +4<<;,1 _Htxloleulxp lq d Ilqlwh
Orfdo Sxeolf Jrrgv Hfrqrp|/% Mrxuqdo ri Hfrqrplf Wkhru| :< +5,/ 5570771
^8‘ Plofkwdlfk/ L1/ dqg Zlqwhu/ H1 +5335,1 _Vwdelolw| dqg Vhjuhjdwlrq lq Jurxs
Irupdwlrq/% Jdphv dqg Hfrqrplf Ehkdylru 6;/ 64;06791
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